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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax? +bx+c = 0,

_ —b+Vb®—4dac

2a

X

Binomial expansion

(a+b)"=a"+ (T)a”‘1b+ (Z)a"'zbz .o+ <’:>a”"br +.. b,

where 7 is a positive integer and (:) = (n”!— =i nn—1) ..r.!(n —rtl)
2. TRIGONOMETRY
Identities
sin4 +cos’4 = 1
sec’4 = 1 +tan’4
cosec’4 = 1 +cot’4
sin(4 + B) = sin4cos B+ cosAsinB
cos(A+B) = cosAcosB FsinAsinB

tanAd +tan B

tan(d+B) = T=r = n

sin24 = 2sinAd cos 4
c0s24 = cos’4 —sin’4 = 2cos’4—1 = 1—2sin’4

2tan A

tan24 = 5
| —tan“A4

Formulae for AABC

a _ b _ ¢
sind ~ sinB  sinC

a’=b>+c?—2bccos A

N P
A —2bcsmA
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1  The coefficient of x° in the expansion of (k+2x)(2— %x) 6 is zero.
Find the value of the constant .

3

[5]

(K+ zx)[z‘+ 6(25)(-3x) +15(24)(-3x)" + 20 (22) (-4 2+

.,

—
=(K+2%)(64 -96Xx + 60X* — 20X3 +--*)
\__/

Coefficient of %> = K(-20) + 2(€0)

=120 -20K

Let 120-20K =0

20K=120

K=6
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The diagram shows a circle, centre C, with FD as diameter. The tangent at a point B on the circle
meets DF extended at the point 4. Point E lies on AB extended and X is the point of intersection of BD
with EC.

(a) Prove that triangle ABD is similar to triangle AFB. [4]

. / BAD =/ FAB (Common /) |
0 ./ ADB=/ ABF (‘l‘angenf-chor4

+heorem )
By A-A test:
; N /\ ABD is similar to /\ AFD.

-~
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n be drawn through B, C and X with BC as diameter.
(b) What type of quadrilateral is EBFC? Give reasons to support your answer. [5]

%
z
:
:
3

. If a circle can be drawn through
B, C and X with 8C as diameter,
then /. BXC is 90°
( 2\ in semi-circle is right- angled)

E - Let /. XBC= X°
; then / XCB = 180°— 70" — X
3 -'-(70—1)0
- Since FD is the diametir of the circle ,

E / DBF=190°
2 ( 2\ in semi-circle is r/;ghf- angled)
then /. CBF = 90°- « XBC

; =90 -%)°

2 - Because /. XCB = / CBF
| BF J/ EC (alt-/s)

g .. EBFC is a trapezium .
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Tea is poured into an empty cup. The temperature, T.°C, of the tea in the cup, ¢ minutes after it is
poured, is modelled by the formula T, = 86e ™ S

(a) State the initial temperature of the tea. [1]

Wnen t=0 mins, T,= 86€° = 86°C

(b) Find the time taken for the temperature of the tea to drop to 37°C. [3]

Let 3%= 86€70 06t
31 _ C—o-ost
86

In 38%) = -0-06t

.t =14056%
= |4.| mins

(c) Some tea is poured into an empty cup and at the same time the same volume of tea is poured into an
empty flask. The temperature, 7,°C, of the tea in the flask at time 7 minutes after it is poured into the

flask is modelled by T, = 86e " where A is a constant. The formula for 7, still applies.

(i) After one hour the temperature of the tea in the flask is 82 °C. Find A. [2]

2« 8¢~ (”
-60A
% =€
In (82) -60A
A = 0-000%9380
= 0-000¥74
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(i) Using your answer from part (c)(i) find the time when the temperature of the tea in the cup is
half the temperature of the tea in the flask. [31

Tc = % Tf
26 e—o.ogt - }'{X 86e" 0-000¥938¢
86006t = 43 C-o-ooo4138t
. 9= e-o-ooonset + 0.06t
9 = eo-osqzoezt
In2 = 0-0592062t

t = 1.30%
= |l.F mins
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Do not use a calculator in this question.

(a) Use the identity for tan24 to show that tan15° =2—+/3, [5]
- dtanA
ton 2A = |- tan’A
- 9. o - 2 tan lso
LefA I5 ° faﬂ 30 | - _I,leso
Y3 | = tan® 15°

|- tan?15° = 2J3 toa 15°
tan*15°+ @3 tan15°-1 =0

let tan15°=u: «* +2J3u-1=0
w= =-2J3 £ N@3B)=4¢)

2
-2J3 £ Vie
2

-J3+2

~ tan I5°= 2-y3 or -2-y3
(rej. because tan I5° ) 0)
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(b) Provethat tan15°—tan105° = 4. [5]

Step l: tan 105° = tan (45° +60°)
= tan 45°+ +an 60°
| = tan 45°+an 60

= 1 +3
| = V3
| +N3  y 1+43
| = N3 1 +43
I+ 2J3 + 3
I =3
4+ 2J3
-2
— -2-J3
Step2: tan 15° = tan /05° =(2-y3) — (-2-43)
=2-l3t2+J3
= 4
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5 When y=3cos3x—5sin3x , the expression pd—2-+qa+ 14y+34sin3x may be written in the R

X z

form Acos3x+Bsin3x where p, q, A and B are constants. £

(a) Showthat 4 =42-27p—15¢ and find B in terms of p and g. [7] g

=

]

y= 3 cos3Xx -5sin3X

jﬁ‘ 3(-3sin3%) —5(3 cos3%) 5
= -9sin3x =15 cos3x ———O) 3
‘:sz’ ~9(3cos3x) = 15(-35in3x) .
= -2Fws3X + 45sin3X 4@ E

P + 99K + M4y + 34sin 3
= p(-2#cos3X +45 sin3X) + 9 C15in3X =15 cos 3%) t14 (3ws3X- 5 5in3x) + 34 s5in 3%
= (-23p -159 + 42) ws3x + (45p -4, - 36) sin 3X

Hence, A= 42-27p-159 and B=-36145p-9q
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(b) In the case when 4 and B are both zero, find the values of p and gq. [3]

42-2#p-159=0 -36145p-99 =0
27+ 159 = 4:_@ 45p - 19 =436
Idp+ 59 =1 5p — 4 =
F 1 1: 5P—4 _®

Sub(@) into
9p + 5(5p-4) =14
34p = 34

. 1=5‘4
_=‘
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6 (a) Show that 2x+1 is a factor of 6x°> —7x*—x+2 and hence factorise  6x> —7x® —x+2
completely. [5]

Step | -
Let f(x)= 6x3-I-x+2

£(3)= 6(4)-3(3)’-(4) +2
= -i— - —1— + ‘5’ +2
=0

.+ (22 +1) is a factor.

Step:
3 -5x + 2

2% +1 )6763- IN*- X +2
~(6x°+3%>)
-10x*-x +2

3X -2 |-2X c

~(-10x*-5%) + B
42 +2 E

-(4x+ 2) A -l [=3X ¢

0 3x* 2 |=-5X |

Step3: 6x° —7x?—x+2 = (22+)(3X°-5%+2)
= (22t 1)(3x —2)(x—1)
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(b) Solve the equation 6(4”)+2(27)="7(2”) +1. [5]
6(22) +— - 3(2") -1 =C
Let u= 2”

.'.6u3+%—7'u-|=0
ou?> + 2 - fu*-u=0
but—Fu'—u +2=0

(2u+)(3u-2)(u-)=0 from part @
u'-"L : % or |

(NoSoln) , 2V=% or 27=2°
Hence, Ir|27=ln% or Y=0

= lnj_z

Y (MZ)

=-0.58H

(c) Show that the negative solution from part (b) may be written in the form 1 —log b where a and b
are integers to be determined. [2]

= l - |0333 |
where a=2 ,
LES & MOE 2023 %
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7 (a) The graphof y=acosbx hasone maximum point at (77”, 10) and the next maximum point after

[2]

this has coordinates 97”, 10). Find the values of the constants a and b.

E_
(=)
y/
&
—
n u
N“N

|
I
31 U an 7
2 2
By observation, a = 10

(b) A particle, travelling in a straight line, has velocity, ym/s, at time ¢ seconds, ¢ =0, given by
y = 5sin0.2¢+ ¢ , where c is a positive constant.

(3]

() Find the smallest value of ¢ in order that the particle will never change its direction.
A particle only changes its direction when v = 0
Sinie -5< 5sin0-2t £5 , ¢ has +o be

2uead:u than 5 in order for 5sino2t tC >0.
= Smollest value of ¢ =5
elled by the particle in the third second

(ii) Inthe case where ¢ =28 find the total distance trav
of its motion. (6]

v= 5sin0-2t +8
Since the parﬁde will never change direction,

to4al distance = arga under the v-t

=TGR < 0.
Ji=z 5sino2t + 8 dt

=[-5cos 0.2t + 8t]3
0-2 2

= [(25 ws 0-6 + 24)- (-25c0s 04+ 16)]
=10-39%
=104m

|  [JCLES & MOE 2023 % 4049/02/0/N/23




LA/ IV WAL e Y

IO IOy

O INU T versis o v

DU NU T WIKHTE IN 111D MARGIN

DO NOT WRITE IN THIS MARGIN

* 0018336631515 *

LD P L g

Continuation of working space for question 7(b)(ii).

THE ANNEXE PROJECT

EDUCATIONAL CENTRE

EST2 2008

Ihe suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.

I #© UCLES & MOE 2023 &;g 4049/02/0/N/23 [Turn ever I




* 0018336631516 *

WA -

L

D

The diagram shows a symmetrical wooden framework ABCDEA consisting of seven pieces of wood.
AED is a straight line. The sections 4B, BE, EC and CD are each of length »m, where r is a constant.

Angle BAE = 0 for 0° < 6 < 90°.

(a) Express the area enclosed by the framework in terms of 7 and sin26.

Since AB= BE , then £ BEA = 0 (is0os- A\)

hence, ~ ABE =(180 -20)°

Area = 3 % 2(r)(r)sin (180°-20)

= 3r'sin206

:_ Spenr'y Angl&
' Sin(180°-x)=sinX |

[3]

(b) Given that € can vary, find, in terms of », the maximum possible area enclosed by the framework
and the value of @ at which this occurs. You are not required to justify that this area is a maximum.

Stepl: A= 2 r*sin 20
%Ae= 2r% 200520
= 3r’c0520
Step2’ et 44 = 0
3r’cs 20=0
ws206=0
20 =90°
0= 45°

[2]
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A similar framework is made from a single piece of wood of length  87sin@ m. There is no wood

wasted.

(¢) Show that 4sin6—3cosb = 2. [2]
Stepl :

ME
COSO = r
. ME = 1r0s©
<~ AE = ar cos©
0
A M E D

Step2: 8rsin@= 3(2rcs6) + 2r
8rsin® — 6rcosd =27

2 48in@ — 3088 =2

(d) By expressing 4sin6—3cos6 in the form Rsin(6—a), where R > 0 and 0° < o < 90°,
find the value of 6. [5]

R= 42+32 = 5
o= 'I'an"—z— = 36-8%0°
- 4sin@ -=3¢c050 =5 sin (6 —36-9°)

5sin(@ —36-810°) = 2
sin (6-36-810°) = 0-4
O - 36-810° = 23.5¥8°
O =60-488°
= 60.5°

THE ANNEXE PROJECT

EDUCATIONAL CENTRE

Ihe suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.

© UCLES & MOE 2023 % 4049/02/0/N/23 [Turn over I




* 0018336631518 *

DL P
9
C
8km
X km——>
B X A
- 15km

The diagram shows rough level ground (shaded) bordered by a straight level road BXA. Point C is on
the rough ground and B is the point on the road closest to C. The distance AB is 15km and BC is 8km.

A cross-country runner is at point 4 on the road and needs to get to point C as quickly as possible. The
runner can maintain a speed of 5km/h on the road but only 3 km/h over the rough ground.

The runner realises that in order to minimise the total time to get to C, it is necessary to leave the road
at some point X between 4 and B and then run directly from Xto C.

Let AX be xkm and T be the total time, in hours, taken by the runner to get from 4 to X and then from X

to C.
v x* —30x+289

3 : [3]

(@) Showthat T=%+
BX=(5-2%) km
CX =a/8 + (15-2)°
=)x*-30x+225+64
= x*- 30% +289

T = time +aKen to run from A +to X +
time taken to run from X to C

=X ;3 Nx*-30x+289
5 3
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(b) Find an expression for Ex—adhne show that the value of x for which the time taken is a

minimum satisfies the equation x? —30x+189 = 0. [6]

T= X + 5 (2302 +289)%

al=f 4 44 (- _30%+289) % (2x-30)
=4 x—-15

5 3(x%s0x+289

Let ;ﬂ =0
IVx*-30x+289
xX-15 _ =

3Jx%-30x+289 5
5X— 35 = -3 Jx?-30x+289
(52 -7#5)* = 9(x*30x+289)
25%%- #50X + 5625 = 9x*— 2#0x t+ 260l

16X%-480X + 3024 =0
X*— 30X +189=0

(¢) Hence find the minimum time taken, in hours and niinutes, for the runner to get from 4 to C. You
are not required to justify that this time is a minimum. [3]

x’-30x +189=0
(x-~1)(x-21)=0

<X = "'l or 2I
(rﬂ' because x < 15)

Tmin. = %.,. A= 30(;)4-287
-9 4+ 10
=513
=7—:}, = §h 08 mins
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